Although the three-dimensional (3D) channel model considering the elevation factor has been used to analyze the performance of multiuser multiple-input multiple-output (MU-MIMO) systems, less attention is paid to the effect of the elevation variation. In this paper, we elaborate the sum rate of MU-MIMO systems with a 3D base station (BS) exploiting different elevations. To illustrate clearly, we consider a high-rise building scenario. Due to the floor height, each floor corresponds to an elevation. Therefore, we can analyze the sum rate performance for each floor and discuss its effect on the performance of the whole building. This work can be seen as the first attempt to analyze the sum rate performance for high-rise buildings in modern city and used as a reference for infrastructure.
Introduction
Currently, most research about multiuser multiple-input multiple-output (MU-MIMO) is taken with two-dimensional (2D) channel model, which only considers the horizontal dimension while ignoring the effect of elevation in the vertical dimension [1, 2] . However, the assumption of the 2D propagating waves is no longer valid in the environments when the elevation spectrum is significant. Typical scenarios are indoors [3, 4] and in vehicles [5] . To make the channel model more applicable, several studies have taken the elevation factor into consideration [6] [7] [8] [9] . The Wireless Initiative New Radio Project Phase II (WINNER II) releases the enhanced channel model which models the elevations of arrival and departure with parameters drawn from real channel sounding measurement [10] . Thus, WINNER II supports both indoor and outdoor scenarios, which is a significant improvement compared with the previous spatial channel model (SCM) of the 3rd Generation Partnership Project (3GPP) [11] . In [12] , a simplified three-dimensional (3D) model is developed. This model assumes that the electrical wave still transmits on the 2D plane from the base station (BS). Only when the waves go through the scatters and arrive at the user, a significant elevation spread is present. This model is proved to perform well in indoor an in vehicle scenarios. Literature [13] proposes an approximated 3D antenna radiation pattern that combines the two principal cuts for azimuth (horizontal) and elevation (vertical) planes. The combination of [13] shows a tolerable approximation deviation. In [14] , the 3D antenna pattern is similar to [13] , but it assumes that the gains of horizontal and vertical directions are equally weighted, which makes the model more practical.
Though the elevation effect in channel modeling and performance analysis has gradually caught the researchers' attention, the exploiting of elevation variations has not yet been definitely discussed. The effect of elevation variation on communication performance is obvious in 3D channel model especially when the base station is close to the users and the users are distributed at different heights [14] . Nowadays, most buildings in modern cities have about twenty floors or even more. Thus, users in different floors have different elevations. Exploiting 3D MIMO at the BS covering the building enables us to make use of the distribution of users in elevation domain to improve the performance such as capacity. So how to deploy the users in the building or how to adjust the tilt angle of transmit antennas of the BS to achieve the best performance becomes a valuable problem. Several literatures like [15] [16] [17] [18] [19] have previously investigated the effects of user distribution on system performance. However, the common characteristic of [15] [16] [17] [18] [19] is that they consider user distributions in a single horizontal plane. More importantly, the 3D MIMO featured BS is not considered. In this paper, we mainly contribute to the sum rate derivation and analysis for uplink MU-MIMO scenario with a 3D MIMO BS considering 3D user distribution, which consists of both horizontal distribution for each floor and vertical distribution for different floors due to 3D MIMO receiving.
The contributions of this paper can be summarized as follows:
(1) We build the system model with 3D MIMO BS and introduce a building with several floors. In this paper, the deterministic sum rates of 3D MIMO system with minimum mean square error (MMSE) receivers both for the single floor and the whole building with consideration of elevation factor are deduced.
(2) For uniform user distribution, we analyze the sum rate performance of MU-MIMO system versus entire SNR with different tilt angles. It is demonstrated that the sum rate increases logarithmically with SNRs, and there is an optimal tilt angle for the sum rate.
(3) Since the radiation pattern for the antenna elements at the BS tremendously influences the radiation gain and path-loss of the user on different floors, the simulation results of the sum rate are numerically analyzed to obtain the optimal tilt angle. The optimal tilt angle can be used to adjust the antennas of BS to achieve the best performance, which is of great value.
(4) The sum rate of 3D MIMO systems for different tilt angle is investigated, which shows that elevation has a significant effects on system performance. (5) We consider and analyze the impact of 3D user distribution in the building for different number of floors, which has very realistic significance. Since there is little research about the 3D user distribution, the result can be used as a reference for practical design.
The remainder of the paper is organized as follows. The system model and 3D MIMO channel model are presented in Section 2. Section 3 gives the derivation of the ergodic sum rate with a 3D MIMO BS exploiting variable elevation considering 3D user distribution. We present some numerical results and corresponding analysis in Section 4 before we conclude the paper in Section 5.
3D MIMO System Model
In the following, we consider an uplink single-cell MU-MIMO system with a 3D MIMO BS. There are antenna elements for the 3D MIMO receiver. user terminals (UTs) each with transmit antenna elements are considered. All users are located in a building with floors. We define , , = 1, . . . , , = 1, . . . , , as the index of the th UT on th floor. The th floor has UTs which satisfies
A schematic illustration of the 3D MIMO system under consideration is depicted in Figure 1 . In this paper, it is assumed that the BS has perfect channel state information (CSI), while all UTs have no CSI. Thus, the optimum transmission strategy is to transmit independent and equal power signal from each UT.
System Model.
We now give the system model for the previously defined BS and UTs. The received signal vector y ∈ C ×1 of the BS is given by
where x , ∈ C ×1 is the transmitted signal vector of UT , , = 1, . . . , , = 1, . . . , . n ∈ C ×1 is the additive white Gaussion noise (AWGN) vector with zero means and unit covariance E[nn ] = 0 I . is the transmit average power, which is identical among all UTs. In our case, we have 0 = 1.
Channel matrix h , consists of the small-scale fading matrix v , and large-scale fading matrix f , , which can be formulated as
where v , ∼ CN(0, I / ). Large-scale fading matrix f , is a combination of shadowing fading, path-loss, and 3D MIMO attenuation represented in [14] , which can be defined as a diagonal matrix
where (⋅) is a function to determine the variance of channel coefficient; that is, (⋅) is the large-scale fading for UT to the BS, which models independent shadowing fading, pathloss, and 3D MIMO attenuation. We take for (⋅) the specific model defined in the next subsection, to allow us to model antenna tilting capabilities at the BS.
3D MIMO Channel Model.
The simplified 3D channel model which appeared in [20, 21] is adopted in this paper, which has been engaged in 3GPP standard [22] . For simplicity, we assume that it discards explicit side lobes in favor of constant gain outside the main lobe. ( , , , ) is the antenna gain at the BS antenna array. , denotes the azimuth angle measured between the direct line in the azimuth plane connecting to BS and the -axis, and , is the elevation angle measured between the direct line connecting UT , to BS and the horizontal plane. The modeling of azimuth and elevation is done in the 3D coordinate system represented in Figure 1 . We denote ( BS , BS , BS ) as the coordinate of BS, where BS , BS , and BS indicate the value of -coordinate, -coordinate, and -coordinate, respectively. Similarly, we denote ( , , , , , ) the coordinate value of UT , in the building. For the convenience of exposition, Δ , = BS − , is defined as the difference of -coordinate between BS and UT , . In the same way, we can obtain Δ , = BS − , and Δ , = BS − , . The distance between UT , and BS and the corresponding azimuth and tilt angles are determined through (4)
In order to obtain large-scale fading ( , , , , , ), antenna gain is calculated by (all " -values" in decibel (dB))
where ℎ ( , ) and V ( , ) are given by
where HPBW ℎ and HPBW V denote the half-power beamwidth in the azimuth and the elevation pattern, respectively, whereas FBR ℎ and SLL V are the azimuth front-to-back ratio and the tilt side lobe level, which is relative to ; orn represents the fixed orientation angle of BS array boresight relative to the -axis; denotes the variable tilt of BS measured between the direct line passing through the peak of the beam and horizontal plane.
All these model parameters are obtained based on the practical antenna Kathrein 742215 [23] , which is a commonly deployed antenna system and has been used in the system performance evaluation.
The path-loss consists of indoor-to-outdoor (I2O) and outdoor components which are defined according to the 3GPP standard model in [22] :
where is the path-loss exponent, which is a key parameter to characterize the rate of decay of the signal power with the transceiver distance, taking values in the range of 2 (corresponding to signal propagation in free space) to 6. Typical values for the path-loss are 4 for an urban macrocell environment and 3 for urban microcell environment [24] .
tw , and in , are the wall penetration loss and the indoor propagation loss, respectively, whose values are determined by [22] .
For shadowing fading, the log-normal shadowing fading model is adopted, which has been the prevalent model in the characterization of shadowing effects in wireless and satellite communications environments [25] . Thus, the probability density function (PDF) of shadowing fading coefficient is
where = 10/ ln 10, while , (dB) and , (dB) are the mean and standard deviation of the random variable (RV) ln( , ).
Motivated by the previous discussion, we can conclude that large-scale fading function ( , , , , , ) is composed of shadowing fading, path-loss, and 3D antenna attenuation. Thus, overall loss factor contained in f , is (10) where g , is the detection matrix for UT , and ( ) is derived from (1). Thus, the equalization output consists of two components: (I) the desired signal component g , h , x , and (II) the interference-plus-noise component
The instantaneous received signal-to-interference-plus-noise (SINR) of UT , can be expressed as
where g , is the MMSE matched filter, which is represented as
Combining (7) with (10), 3D MIMO channel matrix h , and 3D MIMO MMSE filter can be expressed as
where ( ) is obtained directly from v , ∼ CN(0, I / ). Substituting (13) into (11), the output SINR for UT , is further represented as , = ( , , 10
As discussed in Section 2, we assume that overall receivers have sufficient CSI and UTs location information. The local information is acquired easily by global positioning system (GPS) or other positioning technologies. Thus, BS can perform MMSE detection to maximize the SINR. The achievable ergodic sum rate is given by
where the expectation is taken since channel is assumed to be ergodic, which means that a reasonably long time sample of channel (fading) realizations has a distribution similar to the statistical distribution of the channel.
User Distribution.
In practice, the performance of MIMO systems is affected not only by the fading but also by the user distributions [15] [16] [17] [18] [19] . In the following, we consider the spatial user distribution in the building, which consists of both horizontal plane for each floor and the vertical plane for users in different floors. It is assumed that all floors of the building model are circles and have the same radius .
Horizontal User Distribution.
For horizontal plane, uniform distribution, Gaussian distribution, and linear are considered. For the first case, we assume all users (desired and interfering users) are independently and uniformly distributed on the circular floor. The typical cases are dormitories and residential buildings. The PDF of uniform distribution is represented by
where, following the PDF property, it is not difficult to compute as 1/2 . For the second case, most users are concentrated in the center of the floor and the density of users along the radius tends to be a Gaussian curve. Typical scenes are "hot-spots" such as city centers, shopping malls, and office areas. The PDF of Gaussian distribution is represented by
where and are constants. Applying the properties of PDF, Gaussian distribution, and probability integral, we obtain = 2Φ(3/ √ 2) As for the last case, users are distributed in the floor and the density of users along the radius tends to be a linear curve. The PDF of linear distribution is represented by
where and are the slope and intercept, separately. Capitalizing the property of PDF, it is not difficult to calculate the value of and as 1/2 2 and 1/2 , respectively.
Vertical User Distributions.
Generally in a -floor building, the number of users on each floor is variant, because most "hot-spots" such as shopping malls and supermarkets are always on the first floor (especially in China). So we assume that a higher concentration of users is distributed on the lower floors while lower concentration of users on the higher floors. We define the user distribution in the vertical dimension as the distribution of the number of users on each floor whose probability mass functions (PMF) are given by
where represents the number of floor in the building and Υ denotes the ratio between the number of users on the th floor and the whole building. is a constant to satisfy that the sum of all users of all floors in the building is :
The purpose of the paper is to derive the sum rate of 3D MIMO and analyze the impact of user distributions on the sum rate in building with respect to variable BS tilt angle. In particular, we investigate the optimal tilt angle to maximize the performance of the building and each floor. This is very interesting in practice scenario, which can be used as a reference for infrastructure.
Numerical Results

Simulation Assumptions.
We investigate the sum rate of different user distribution schemes using Monte Carlo simulation. In the simulation, the simulation parameter settings are given in Table 1 . In the following, we investigate the performance of four different schemes as follows:
(1) For uniform user distribution, we assess the sum rate against the SNR for different tilt angle.
(2) The sum rate corresponding to uniform, normal (Gaussian), and linear distribution with 3D MIMO is provided.
(3) The sum rate of each floor for the three user distributions with the same parameter configuration as in (1) is analyzed. 
Sum Rate versus SNR.
We first analyze the performance of the sum rate against different average SNR for tilt angle = 5 ∘ , 10 ∘ , 13 ∘ , 18 ∘ , 25 ∘ . In Figure 2 , it can be observed that the sum rate increases logarithmically with the average SNR for these tilt angles. In addition, the sum rate increases with the tilt angle before the tilt angle reaches the critical tilt angle and then decreases with the further increase.
Optimal Tilting for Sum Rate.
In terms of system performance in Figure 3 , we observe that there is an optimal tilt angle that corresponds to the optimal performance. The smaller tilt angle yields lower sum rate due to the smaller antenna gain effects. For larger tilt angle, users also experience lower antenna gain due to deviating the optimal tilt angle. Thus, the sum rate dramatically drops. As seen from Figure 2 , there is a global trend for all the three user distributions that if we increase or decrease the tilt angle from optimal tilt angle, the sum rate will decrease. In Figure 3 , we also see that sum rate of uniform distribution is inferiors to normal distribution and linear distribution. This coincides with the results of [14] , which is due to a trade-off between path-loss and optimal tilt effects. Figure 4 shows the sum rate results with the distance parameter setting = 1000 m. For the three user distributions, the performances are similar due to the very small angular difference and the high path-loss. This shows that, for large distance setting, the effects of user distributions on the sum rate are quite small and can be ignored due to distances between BS and UTs.
From Figures 3 and 4 , some conclusions can be drawn. of the same trends for both antenna gain and path-loss. Second, the uniform user distribution has a better performance than the normal and linear one due to a trade-off between path-loss and tilt angle effect. Third, the latter figure yields small range of tilt angle with small sum rate since the pathloss is large while the angular variation is smaller. Besides, the effect of user distributions is more significant in Figure 3 than that in Figure 4 .
Performance for Each Floor.
In this part, we focus on the influence of the optimal tilt angle and distance between BS and UTs on the sum rate for each floor. To this end, we investigate the sum rate of each floor for the three user distributions with the same parameters as in Section 4.2, and then we investigate the impact of the tilt angle. For = 200 m in Figure 5 , it can be seen that the optimal tilt angles of the three user distributions are quite similar while the optimal tilt angle for a single floor is little different. In addition, appropriate user distribution can improve the sum rate. These two results are very useful in reality to maximize the performance of systems. For = 1000 m in Figure 6 , this is a more interesting case that the influence of user distribution on the sum rate can be ignored due to the higher path-loss. Therefore, tilt angle is the key factor to improve the performance of the system.
In Figures 5 and 6 , there exists the same phenomenon that the first floor has a larger tilt angle than the second and the third one for the three distributions due to the largest distances. Thus, first floor has the largest optimal angle and the second floor has an intermediate optimal angle while the third floor has the smallest optimal angle. It is of practical significance to select an appropriate tilt angle to maximize 
Vertical User Distributions.
We now study the impact of vertical user distribution on the sum rate for = 1 and = 3. Related parameters are similar to Figure 4 , except that the total UT number is = 42. We consider that linear vertical distribution with the slope is Υ = 1/2, which means that number in the th floor is twice than that of the ( + 1)th floor. For = 1, there is only one floor and all UTs are located on the floor. For = 3, the number of users on the first floor is 24, and the numbers of UTs on the second and third floors are 12 and 6, respectively.
The sum rate considering vertical user distribution is illustrated in Figures 7 and 8 . The two figures show similar global trends as Figures 3 and 4 for all tilts angles and floors. However, the optimal angle of Figure 7 is larger than that of Figure 3 due to the fact that the sum rate is dominated by the first floor, which has the most UTs and the largest optimal angle than other floors. For the same reason, we can observe the same phenomenon for normal and linear user distributions. In addition, we can find that the sum rates of linear and normal are almost the same when considering the vertical distribution due to the similar PDF curve. Corresponding reason is that the sums of UTs on the first and second floors for these two distributions are nearly the same, which determines the optimal angles. When we only consider the horizontal distribution, the sum rate of linear distribution is smaller than that of normal distribution. Moreover, when the tilt angle reaches critical angle, the sum rate of case = 1 is larger than that of case = 3, otherwise the sum rate of case = 3 is larger than that of case = 1. So we can conclude that appropriate vertical distribution can be adopted in order to obtain higher performance, while the optimal angle of Figure 8 is quite similar to Figure 4 due to the effect of large high path-loss and small angle variation. In addition, there are almost no differences in sum rate between cases = 1 and = 3. This shows that, for large distance setting, the effects of user distributions on sum rate are quite small and can be ignored.
Conclusion
With 3D BS exploiting elevation features, we deduce the exact analytical expression of the sum rate for single cell MU-MIMO uplink system. The impacts of antenna tilt angle on the sum rate for both the whole building and the single floor are investigated. We find that appropriate tilt angle can compensate for the sum rate gain lost by the path-loss. Therefore, this paper can be used to analyze and optimize the performance. Furthermore, the functions of each floor and the related user distributions can be designed with reference to these results. This can be an important topic in the future design for wireless system.
